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ABSTRACT. We use Seidel representation for symplectic orbifolds constructed in [TW| to compute 
the quantum cohomology ring of a compact symplectic toric orbifold (X, u>). 
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1. Introduction 



In this paper we apply the Seidel representations for compact symplectic orbifolds, constructed 
in HTWi to give a description of quantum cohomology rings of symplectic toric orbifolds. The 
main idea in this work can be briefly summarized as follows. Let (X, to) be a compact symplectic 
orbifold. Denote by Ham(X,uj) the (2-)group of Hamiltonian diffeomorphisms of (X,u). The 
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Seidel representation of (X, ui) is a group homomorphism 

S : 7n(ifam(;t») -> QH* orb (X, co) x 

from the fundamental group of Ham(X, to) to the group QH* rb (X, co) x of multiplicatively invert- 
ible elements in the quantum cohomology ring of w). Suppose there is a collection of loops 
ai, a,2, a>k in Ham(X, uf) which compose to the identity loop e, namely 

ai • a 2 • ... ■ a k = e, 

Since 5 is a homomorphism, we have 

«S(ai) * <S(a 2 ) * ... * <S(afc) = 5(e) = 1. 

This gives a relation in QH* rb (X, u). 

Suppose (X, to) is a compact symplectic toric orbifold. Then X can be defined by a combinatorial 
object called the stacky fan S = (N, S, (3), see Section [27T1 for a more detailed discussion. Every 
element v E N in the lattice N determines a C x -action on X and hence a loop in Ham(X, cu). Let 
S v E QH* rb (X, u) denote the Seidel element corresponding to this loop. As discussed above, if 
v 1 ,v 2 , v k E N are such that V\ + v 2 + ... + v k — in N. Then we have 

S Vl * S V2 * ... * S Vk = Sq = 1. 

This allows us to make use of additive relations in N to give a presentation of QH^. b (X, to). 

We now describe our results in more details. Let X be a compact symplectic toric orbifold 
associated with a labeled polytopeQ A and let S = (N, E, /3) be the stack fan associated to A. Let 
un E N be minimal generators of the rays in S. For each cone a in S, define 



SBox((j) ■= h E N\b=Y^ a iVh < <k < 1 > 



and let Gen(a) C SBox(cr) be the set of elements which cannot be generated by other lattice points 
in a. The union Gen(S) := U cre sGen(a) is a finite set and we write Gen(E) = {yjv+i, Vm}- F° r 
each yi we introduce a variable Xi. 

Theorem 1.1 (See Theorem 14.41) . There is an isomorphism of graded rings 

A[Xl, ...,Xm] 



Clos 0T ((¥z\Z = 1, n) + SR^ + J{T)) 

where 



QH^(X,\), 



(1) A is the Novikov ring in Definition \3. 1 \ 

(2) The symbol Clos 0T (—) indicates that the closure with respect to the valuation v>t in H3.4D . 

(3) E A[Xi, Xm],£ = 1) 2, n are constructed in Theorem \4.4\ 

(4) SRu is the quantum Stanley-Reisner ideal in Definition \4.2\ 

(5) i7(S) is the cone ideal defined in (\2.5\) . 

Quantum cohomology rings of toric orbifolds have been studied in various cases. The case of 
weighted projective lines is computed in HAGVl Section 9]. The quantum cohomology ring of an 
arbitrary weighted projective space is computed as a consequence of a mirror theorem in HCCLTL 
The case of orbifold projective lines with at most two cyclic orbifold points is computed in [MiTs|. 



'See Theorem |2.2| for the correspondence between symplectic toric orbifolds and labeled polytopes. 
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The quantum cohomology ring of a weak Fano toric orbifold is computed as a consequence of 
the mirror theorem in [CCITj|. For an arbitrary toric orbifolds, the quantum cohomology ring is 
computed in IGWH using the quantum Kirwan map llWll . These previous works use various methods 
algebraic in nature. The method in this paper, based on Seidel representation, is symplectic. 

The rest of this paper is organized as follows. Section [2] contains reviews of preparatory mate- 
rials including the basics of symplectic toric orbifolds, Chen-Ruan cohomology, and Hamiltonian 
loops. In Section I3TT1 we review the results in [TWJ on the construction of Seidel representation for 
symplectic orbifolds. In Section [321 we calculate Seidel elements arising from circle actions on a 
symplectic toric orbifold. This calculation is used in Section l4Tl to derive a presentation of quantum 
cohomology ring of a symplectic toric orbifold. In Section [4T21 we discuss the case of Fano toric 
orbifolds. 

Throughout this paper, A'(E) is the 2n-dimensional compact symplectic toric orbifold associated 
with a labeled polytope A in the sense of Section |2T2l And £ = (N, E, f3) is the stack fan associated 
to A. 

Acknowledgement 

We thank Erkao Bao, Lev Borisov, Cheol-Hyun Cho, Conan Leung, and Yong-Geun Oh for 
valuable discussions. 

2. PRELIMINARY ON TORIC ORBIFOLDS 

In this section we review some basic constructions and facts about symplectic toric orbifolds. In 
this paper we only consider compact toric orbifolds whose generic stabilizer group is trivial, and 
we limit our discussion to that case. 

2.1. Construction via Stacky Fans. In algebraic geometry, toric orbifold are constructed using 
the combinatorial object called stacky fans. In this subsection we review this construction following 

mm. 

By definition, a stacky fan consists of the following data 

£ = (N,£,/3), 

where 

(1) N is a finitely generated free abelian group of rank n; 

(2) E C Nq = N ®i Q is a complete simplicial fan, with p 1 , p N being its 1 -dimensional 
cones; 

(3) (3 : Z N — > N is a map determined by the elements {bi, ■ ■ ■ , &tv} in N satisfing that bi G p«. 
More precisely, let e%, ejy G Z N be the standard basis, then /3(ei) := bi. 

We assume that (3 has finite cokernel, and {bi, &jv} C N C Nq generate the simplicial fan E. 

The toric orbifold (also known as toric Deligne-Mumford stack) X(S) associated to E is defined 
to be the following quotient stack 

(2.1) X(Z) := [Z/G], 

whose definition may be explained as follows: 
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(1) Z is the open subvariety C N \ V(Js). Here Js is the irrelevant ideal of the fan, defined as 
follows: let C[zi, zjv] be the coordinate ring of C^, then J s is the ideal of C[z±, z N ] 
generated by the monomials Y[ a .<t a z i where a run through all cones in S. 

(2) G is an algebraic torus defined by G = Hom z (N v , C*), where N v appears in the Gale dual 
/3 V : Z N — » N v of f3 (see [BCSJ). The G-action on Z is given by a group homomorphism 
a : G ->• (C*) N obtained by applying the functor Hom z (-, C*) to the Gale dual /3 V : Z N -> 
N v of 0. 

The quotient (12.11) may be taken in different categories. In this paper we deal with symplectic toric 
orbifolds. For this reason we consider the quotient as a differentiable stack. Indeed the G-action on 
Z defines a groupoid Gtx Z := (G x Z =$ Z) where the source and target maps are the projection to 
the second factor and the G-action respectively. It is easy to see that G x Z is a proper Lie groupoid 
and the quotient stack (12.11 ) is the differentiable stack associated to this Lie groupoid. 

The toric orbifold X{Yi) has a collection of naturally defined etale charts which we describe. Let 
a G £ be a A;-dimensional cone generated by {b^, b ik }. Define the open subset U(a) C as 
U(a) = {(zx, z N ) G C N \zj 7^ Vj ^ {ii, ...,i k }}. Then U{a) C U(a') if a is contained in a', 
and {U(a)\a G S, dim a = n} is an open cover of Z. 

Each n-dimensional cone a induces an orbifold chart of X(H) which covers U a := U(a)/G. 
More explicitly, let N CT be the sublattice of N generated by {b^, h n }, N* be the dual lattice of 
N CT , and {wj}™ =1 be the dual basis of N* so that (b ik , Uj) = 5k j, then we have a map from U a to C n 
by 

The image of U (a) under this map, denoted as V a , carries a group action by G a := N/No-: 

g. Wj = e^^wj for g G N lifting ^ G N/N CT , j = 1, n. 

Then G CT x V a defines an orbifold chart over U a . 

Now if r is a /c-dimensional cone contained in an n-dimensional cone a, then the orbit T deter- 
mined by r has a neighborhood U T , the orbifold chart G a tx V a restricted to U T defines an orbifold 
chart of U T . Note that this chart is not effective. After reduction, we get an orbifold chart G T x V T , 
where G T = {N T ® z Q)nN /N T , V T is an open set of C n . 

Given an orbifold X one can consider its inertia orbifold IX := X x Xx x X, where the fiber 
product is taken over the diagonal map X — > X x X. In the toric case we can give a more 
combinatorial description of the inertia orbifolds, following [BCSJ. Let X(H) be the toric orbifold 
defined by the stacky fan S := (N, E, f3). For a cone r G S, define 



Box(r) := < v G N I v 



^rA,0 < n < 1 > 

f>i£T J 



and set Box(S) := Ures Box(r). Then we have: 

(1) The set Box(S) indexes the components of the inertia orbifold of X{Y,)\ 

IX[Ei) = \-\ vi =box{y;)X(v). 

Here o(v ) G S is the minimal cone containing v and Xi v \ = X(Yi/a(v )) is the toric orbifold 
associated to the stacky fan H/a{v ) defined in HBCS[ Section 4]. Each component Xr v \ is 
called a twisted sector, and ^(o) — X is called the trivial twisted sector or untwisted sector. 
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(2) There is a natural involution X : IX — > IX defined by X((x, v)) := (x, v~ x ), where 
v G Box(t) and v" 1 is the unique element in Box(t) such that v^ 1 + v G N T . Note that 
v~ l and —v are different, the later does not lie in Box(r). 

2.2. Symplectic Toric Orbifolds via Labelled Polytopes. Intrinsically a symplectic toric orbifold 
is a symplectic orbifold with a Hamiltonian action by a half-dimensional compact torus. In ULTH 
symplectic toric orbifolds are classified by the combinatorial objects called labelled polytopes. This 
is a generalization of the classification of symplectic toric manifolds by Delzant polytopes. In this 
subsection we review the relation between symplectic toric orbifolds, labelled polytopes, and the 
stacky fan construction in the previous subsection. 

Let (X, u) be a 2n-dimensional (compact) symplectic orbifold. There is a Hamiltonian T n -action 
on X with moment map 

$ : X -»t*, 

where t is the Lie algebra of T n with a lattice 1 and t* is the dual vector space of t. The image &(X) 
of the moment map is a rational simple convex polytope which is defined as below: 

Definition 2.1. A convex polytope A C t* is rational if 

N 

A = p|{aef|(a,n i )<A i } 
i=i 

for some G 1 and Aj G E. 

A (closed) facet is a face of A of codimension one in A. An open facet is the relative interior of 
a facet. An n dimensional polytope is simple if exactly n facets meet at every vertex. 

A convex rational simple polytope A such that dimA = dim t, plus a positive integer attached 
to each open facet, is called a labeled polytope. Two labeled polytopes are isomorphic if one can 
be mapped to the other by a translation and the corresponding open facets have the same integer 
labels. 

The following result is due to Lerman and Tolman. 
Theorem 2.2 (flED, Theorem 1.5). 

(1) A compact symplectic toric orbifold (X, u, T, <3>) naturally corresponds to a labeled poly- 
tope, namely the image of the moment map $(X), which is a rational simple polytope. For 
every open facet F of$(X) there exists a positive integer rip such that the structure group 
of every x G $ _1 (F) is Z/npZ. 

(2) Two compact symplectic toric orbifolds are isomorphic if and only if their associated la- 
beled polytopes are isomorphic. 

(3) Every labeled polytope can be realized as the image of the moment map for some compact 
symplectic toric orbifold. 

Now, we consider a symplectic toric orbifold (X, u, T, $) determined by a polytope Act* with 
labels rrii on facets F^. Let %){ be the primitive outward normal vectors of Fj. For each face F of A, 
let (Tp G S be the cone determined by the collection of vectors {yi\F C Fj}. Define 

• N = l = {J2 i k i y i \k i eZ}ct, 
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• £ = {&f\F a face of A}, 

• and bi = m^, i.e. /3(e;) = m^. 

Then the data (N, S, {&i}^Li) give a stacky fan. In this way every labelled polytope gives rise to a 
stacky fan. 

Every corner (O-dimensional face) C of A determines a point x E X which is fixed by the torus 
action. Let oc be the cone corresponding to C, then ac determines an orbifold chart G a (c) X K-(C) 
covering x as in Section |2T1 Let = 1, ...,n} C t* be the dual basis of {yi\yi G cr(C), 1 < 

j < N}. Then the following lemma is an orbifold version of Theorem 3.1.2 in [IdSl . 

Lemma 2.3. The point x is covered by an orbifold chart Gc x Vc such that 

• Gc x Vc is isomorphic to G CT (c) x Kr(c).' 

• the symplectic form can be written as 

n 

oj = dpj A dqj with Wj = pj + iqy, 

3=1 

• The moment map can be written as 

n 

$(j>i,...,p n ]qi,...,q n ) = $(x)-^2uf(pj + <$). 

3=1 

2.3. Chen-Ruan orbifold cohomology of toric orbifolds. In this subsection we describe the cal- 
culation of the Chen-Ruan orbifold cohomology ring of toric orbifolds, following 

Let X(H) be a compact symplectic toric orbifold given by a stacky fan S = (N, S, (3). Recall 
that the Chen-Ruan orbifold cohomology H CR (X(H), Q) is defined as the direct sum of the coho- 
mology groups of its inertia orbifold with a shifted grading: For v = J2b ea(v) r «^« e Box(E). The 
corresponding twisted sector X( v ) is associated with a number i v = J^b^aiv) r « cai l e d age or degree 
shifting number. We have 

H CR (X(i:),Q) = ©, e Box(E)^ 2t "(^),Q). 

There is a product on H CR (X(E), Q), called the Chen-Ruan cup product, which is defined using 
genus degree three-point Gromov-Witten invariants of X(£). We refer to [CR1J for more details 
of the definition of this product. This construction makes H CR (X(T,), Q) into a graded algebra. 

LetM = N* = Hom z (N,Z) be the dual of N. Let Q[N] S be the group ring of N, i.e. Q[N] S : = 
©ceN Q^ V > ^ i s me f° rma l variable. A Q-grading on Q[N] S is defined as follows. For v e N, if 
v = J2bi£cr(v) r ibi where a(v) is the minimal cone in £ containing v and r, are nonnegative rational 
numbers, then we define 

(2.2) deg(A t '):= r - 

bi&cr(v) 



2 Strictly speaking what is computed in [BCS] is the orbifold Chow ring. However the computation for Chen-Ruan 
orbifold cohomology ring is identical. 
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Define the following multiplication on Q[iV] s : 

\v!+v 2 y: thgj-g i s a cone cr G S such that v\, G a , 
otherwise . 



(2.3) A" 1 • A" 2 : 



Let 1(E) be the ideal in Q[N] E generated by the elements ^™ =1 9(bi)X bi ,9 G M. Then by llBCSl 
Theorem 1.1], there is an isomorphism of Q-graded algebras: 

Q[N] S 



(2.4) HZ R (X(Z) 



,Q)"= 



2(E) • 



We will rewrite (|2.4I) in terms of a quotient of polynomial ring by some ideal. Denote = A w 
fori = 1,...,N. 

Let 



SBoxfa) := 



he N\b = Y^ OiVi, < o< < 1 > , 



and Gen(a) C SBox(cr) be the set of minimal elements, which means these elements cannot be 
generated by other lattice points in the cone a. Obviously if a C a' then Gen(a) C Gen(er'). 

ThenGen(S) := U creS Gen(cr) is a finite set. For convenience, we denote Gen(S) = {i/n+i, • ••,2/m}> 
and define X N+ i = \ VN+1 , ...,X M = \ VM . We call / C {1, M} a generalized primitive collec- 
tion if 

• {yi\i G 1} is not contained in a cone, 

• any proper subset of {yi\i G 1} is contained in some cone. 

Note that when a generalized primitive collection I is a subset of {1, ...N}, then it is a primitive 
collection in the sense of HBafl . Denote by QV the set of all generalized primitive collections. 

For top-dimensional cones Oj, j = 1, N, define an ideal 

J^i)'=( II II x^\Y^U yi = o,t t eZ,t^6 

Set 

N 

(2.5) J&) = Y,f(°il 

We call J(Tj) the cone ideal, and elements in J'(E) the cone relations. 
Now the Chen-Ruan cohomology can be rewritten as: 

X M \\ 



cr\ >v; z(V) + (Tl ieI X i :IegV) + J(V) 

Moreover, since we know Hq R (X, Q) is finite dimensional, a monomial in Xi, X M in the right 
side vanishs if its degree is large enough. Thus we have the following lemma: 

Lemma 2.4. 

n* (v <n>\ ~ Q[Xi, ...,X M ] 

CR{ ' w x(E) + (n i6J x, -.iegv) + ■ 
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Remark 2.5. The grading of Q[Xl, ...Xm] is not the usual grading of polynomial ring. 

2.4. Hamiltonian Loops of Toric Orbifolds. Now, we consider a symplectic orbifold ( X, u, T, $) 
determined by a polytope Act* with labels m; on facets p. In this case, we give an explicit 
description of Hamiltonian loops defined in HTWI Section 2.3]. 

Every integer vector tiGlct determines a Hamiltonian function 

H V :X->R, H v (x) := (&(x),v), 

whose flow determines a Hamiltonian loop <p v : / x X — > X with some 2-morphism (j) v \to}xX 
<f>v\{i}xx- Let (j) Vl , (f) V2 be the Hamiltonian loops determined by v,v' £ 1, then the composition 
product of the two loop <f> Vl - cp 4> V2 is generated by 

H{x) = mx),vx) + (®{(j) vi (-t,x)),v 2 ) = ($(ar),ui) + ($0),<u 2 ), 

where the second equality holds because the moment map is invariant under the torus action. So 

H(x) = t>i + v 2 ), and <p Vl - cp <p V2 is determined by the vector v\ + v 2 E 1. 

Now we give a local description of Hamiltonian functions and Hamiltonian loops. Let C be a 
corner of A, then it determines a chart Gc x Vc centered at the fixed point %c corresponding to C as 
in Lemma [231 On this chart, the Hamiltonian loop generated by a vector v E 1 can be represented 
by a groupoid morphism 

7 : [0, 1] x G c k V c ->• G c x V c , 
7o(*,«0 = D(tv)w, 
•y (t,w \ h ■ w) — (D(tv)w — > h ■ D(tv)w). 
where u> = (wi, ...,w n ), and D(tv) is the diagonal matrix diag(e~ t27r( > Ul > tv ' , e - l27r (<W«))_ 
Lemma 2.6. 77ze natural transformation a v = (7|{i} X GckV c ^ Id Gc KV c ) zs ^ z ven Zry 
at„ : Vb -)> G c , 

x -> D(-v) := dtag(e- i2w{ui ' v \... } e- i2n{Un ' v) ). 

Example 2.7. Consider the weighted projective line CP(1, fe) := C 2 \ {0}/C*, where C* acts on 
C 2 \ {0} by z ■ (wi, w 2 ) = {zw\, z k w 2 ). The corresponding moment polytope is a line segment with 
one end labeled with k. 

v 



1 - 

-1 k 
Labelled Polytope S tacky Fan 

Figure 1 . Labelled Moment Polytope and Stacky Fan of CP(1, k). 

The point [0, 1] has non-trivial isotropy group Z&. There is a groupoid chart x C covering 
|C(1, k)\ \ {[1, 0]}, such that the Hamiltonian loop determined by the vector v in Figure 1 is given 
by 

7 : [0, 1] x Z fe x C ->• Z k x C, 
7o(t,w) = e^ U W, 



7o(£, w ^ h-w) = (e * w ->■ e * w). 
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2.5. Hamiltonian Orbifiber Bundles over Sphere. Given a Hamiltonian loop, one can construct 
a Hamiltonian orbifiber bundle over S 2 as explained in HTW[ Section 2.5]. In this section we will 
consider the Hamiltonian orbifiber bundles determined by v E Gen(S), because later we shall 
compute Seidel element for these corresponding loops. 

Denote by H v = ($, v) : X — » K the Hamiltonian function, <\> v the Hamiltonian loop determined 
by H v , and £ v the corresponding orbifiber bundle. If H v attends the maximum at x E X, then x 
is fixed by the Hamiltonian loop, thus \x\ E \X\ determines a section s x of the topological fiber 
bundle \£ v \ — > S 2 underlying £ v — > S 2 . The main purpose of this section is to study the properties 
of sectional morphisms in £ v which lift s x . 

It is easy to see that if H v attends the maximum at x, then E F v , where F v is the face of A 
determined by the minimal cone containing v according to the cone-face correspondence in Section 

E2 

Let C be a corner of A such that C C F v , and let x c be the fixed point whose image under the 
moment map is C. Recall from Section l2T2l that there is a chart Gc x Vc centered at xq- The orbifold 
[Gc x Vc] can be regarded as an open suborbifold of X containing x and x c . The Hamiltonian loop 
7^ restricts to a Hamiltonian loop of [Gc x Vc]- Then we have an orbifiber bundle £ V (C) — > S 2 
determined by 7^ with fiber [Gc x Vc]. Then £ V (C) is an open suborbifold of £ v . We will study 
sectional morphisms in £ v lifting s x inside £ V (C) since it has a nice groupoid chart. 

Recall from the Section [24] that the Hamiltonian loop (fi v restricts to a Hamiltonian loop of [Gc x 
Vc] represented by: 

7 : [0, 1] x G c x V c -> G c x Vc, 
7o(t,w) = D(tv)w, 



Let 



7o(t, w A- h ■ w) = (D(tv)w A- h ■ D(tv)w). 



U L := {e 2 ^\t E (0, 1)} = Q 1 , % := {e 2 ^\t E (-i, i)} = £). 



Define t/^i by 

06(C/ S i) = t/LU?7 R , 
Mor(U s i) = U L x s iU L U U R x s iU r U ?7 l x 5 i U r U £7 fl x 51 f/ L . 

Note that 

u L x sl u L = (^y , [/rx^^q, 

u l x S iu r = u , u R x S t u L = □ 

We denote (e 2rf ), E U* and 5 = (e 2nit ), ->■ (e 2m *'). £[/,x s i [/., for *,» = R, L, where 

• £' = t — 1, if <7 £ C C/ L x 5 i C/ R ; 

• t' = £ + 1, if g £ C C/fl x s i C^; 

• t' = t, otherwise. 
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Then define a groupoid morphism 7 : C/51 x Gc x Vc — > Gc * Vc by: 

%((e 2mt ) L ,w) := lo (t,w) = D(tv)w, t e (0,1), (e M ) L 6f/ i; 

U(e 2mt )R, w) := D{tv)w, t G (-± ±), (e 2 ™% G I7 fl ; 

7i((e 2 ^) L -> (e 27ri %,w4 /i • w) := D(tv)w \ h ■ D(tv)w, t G (0, 1); 
7i((e 2 ™% -> (e 2 ™%, ^> ■ := D(tv)w \ h ■ D(tv)w, t G 



7i((e 2mt ) L -> (e 2mt ) fl , wA-h-w) := D(tv)w 4 /i • D(tv)w, t G (0, 1 
7i((e 2m %-> (e 2 ™*) L , w ^> /i • :=D(tv)w\h-D(tv)w, t G (0, J 



2' 2' 
1, 
2' 
1 

2' 



7i((e 2m ')L -> (e 2 "*" 1 *))*, 4 ■ w) := D(tv)w h ■ D((t - l)v)w, t G (-, 1); 

U(e 2mt )R -> (e 27 " (m) ))L, w \ h ■ w) := D(tv)w ^% h ■ D{(t + l)v)w, t G {-\, 0); 

Consider the following groupoid chart of S 12 : 

06(C/ S 2) := ^ U^)U^^U ' 

Mor(U s2 ) := ^ U ^ U ^ ^ U ^ U 

u u h H) u u 

^> 

Define a Lie groupoid Qs v C by 

06(6f £ „ iC ) := x V c U( x V c U x V c )/rel 0b ,i U 



x V c U(«F^ x Vc U x Vc)/re/ 



M °r{Gs v , c ) := b x Gc x Vc U r x G c x V c U 

xGcX Vc U«--3 • G r x r r );,- ( / W( „. 
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U xG c xV c U x G c x V" c 

U x G c x V c U x G c x Vfc U 



x G c x Vb U*^^ x G c x V c )/rel M or,2 

U x G c x 1/ c U x G c x V c 

x G c x Vfc)/reZ WoPj3 
x G c x Vc)/re/ M or,4- 



For notational convenience, we identify hemispheres with unit disks. 

The glueing along the boundary is given by % : L^i x Gc K Vc — > Gc x Vc- More explicitly, 
• relob,i'- f° r (e j27r *, w) in the boundary of ^^^x V"c , (e l27r * , w') in the boundary of 



V c , (e i2n \w) ~ (e i27rf ',w') if and only if t' = -t, w' = D(-tv)w. Note that here t G (0, 1) 
and*' G (-1,0). 



• rel b,2- f° r (e l27ri , w) in the boundary of ^^^x Vc, (e l27rt ' , w') in the boundary of 

V c , (e i2nt ,w) ~ (e i27r *',w') if and only if if = -t, w' = D(-tv)w. Note that here t, if G 
{-- -) 

V 2' 2/" 

• relMor,i, i = 1,2,3,4: for boundary elements [e l2 ' Ktl — > e t27Tt2 ,w A g ■ w) and (e l2lxt ' x — > 
e i2 ^,w' ^> </'•«?'), 

if and only if 

^1 — — t'l j ^2 — — ^2) 

= D(—tiv)w , g' ■ w = D(—t2v)g ■ w. 

We denote m t , := ord(D(—v)) = ord(D(v)). Then D(—v) generates a cyclic subgroup of G c 
which is isomorphic to Z mv . We denote i : Z mv — > Gc the inclusion of the subgroup. 

Note that when v = yi, i = 1, N, m v is the number labeling the corresponding facet of the 
poly tope A. 

Proposition 2.8. If s x : (S 2 rb ,p) —> £ v is a sectional orbifold morphism from an orbisphere with 
one orbipoint (possibly a trivial one) lifting s x , then the orbifold structure group at p is Z mv . 
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Proof. Given any orbifold moronism from a sphere with at most one orbifold point at p, it deter- 
mines an orbifold morphism s away from p by restriction. Without loss of generality, we may 
assume p to be the north pole of the sphere. Since there is no other orbifold point on the sphere and 
s lifts the zero section, s can be represented by the groupoid morphism: 



• 



s„ = l/V.dl : OhlC^\= U H|u |^ ■ OhlC,, 



Si = (id } 0,T]) : Mor(U§2) = U U L ■ U 




u u 



99 



where 



7](re i& ->■ re i0 ) = G G c /or re 40 ->■ re i0 G (where 0' = 9 ± 2tt) 

Id G G c everywhere else. 
To extend s to p, we define s on 

Z mt , x ^G c x x V a 

by 

So ( re ^) = ( re ^,0), 

It is straightforward to verify the morphism above together with s define a morphism from an 
orbi sphere with Z mv -orbipoint at pXoQe. 

This is the only representative orbifold morphism extends s. We refer the readers to HTWl Propo- 
sition 2.47] for a detailed reason in an explicit example. □ 

Now we describe the pullback bundle s* x T£ v which is the same as s x T£ VjC since the image of s x 
is contained in £ Vj c- The pullback is obvious on S 2 since there is no orbipoint on the domain. The 
orbipoint north pole is covered by: 

Z mv x xCxC" 

with#- (z,£,r)) = (g ■ z,£,grj). 

Note that g acts on the C component trivially since it acts on the horizontal (base) direction of 
£ v c trivially. 
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Remark 2.9. We remark that the horizontal direction of the pullback bundle s* x TE v , is not the 
tangent bundle of CP 1 (1, m v ). 

The following Lemma follows from a direct computation. 

Lemma 2.10. The evaluation map of s x at the north pole (possibly an orbipoint) of S 2 lies in the 
twisted sector E v r v -iy 

Now we describe (s* x TE v ) de , the desingularized bundle of s* x T£ v . Let ...,i v n } C {1, N} 
be the subset such that the cone spanned by {b^\j = 1, ...,n} over Q is the minimal cone a(v) 

containing v. Then (s* x T8 v ) de is constructed by glueing two copies of the trivial vector bundles over 
disk D x (C x V c ) — > D along the boundaries, where the glueing map p : S 1 — > Sp(C x V c , u ) is 
given by 

where {rj}" =1 is defined by v — Y^=i r j%' \ r j~\ * s me smallest integer no less than rj. 
Lemma 2.11. (1) The first Chern number of the desingularized bundle is 

Cl ((s* x TS v ) de ) =2-dima(v). 
(2) Each summand of (s* x T£ v ) de has Chern number at least — 1. 

Proof. To show ©, note that the chern number can be computed from the Maslov index of the loop 
in the group of symplectic matrices. The later is 

n 

MP" 1 ) = 2 - X>jT| = 2 - Yl 1 = 2 - dima(v). 

3=1 r^O 

The desingularized bundle splits into line bundles whose first Chern numbers are 2 and — \r"f\ , . . . , — 
Thus we have ©. □ 

The desingularized bundle of the vertical subbundle s* x T vert £ v is the same as the vertical sub- 
bundle of the desingularized bundle (s* x T£ v ) de , which is constructed by glueing two copies of the 
trivial vector bundles over disk D x (C x V c ) — > D along the boundaries, where the glueing map 

p : S 1 — > Sp(C x V c , lu ) is given by 

p(e i2nt ) = diag(e i2 ^\ ...,e l2 ^*). 

Now since the first Chern number of an orbibundle and the first Chern number of its desingular- 
ized bundle differ by the degree shifting number, we have: 

Lemma 2.12. 

ci(s*T£ v ) = 2 — dima(v) + l v -i, 

and 

Cl (s* x T vert S v ) = -dimaiv) + t v -i. 
Moreover when m v ^ 1, ci(s*T£ v ) — 2 — i v and ci(s*T vert £ v ) = —i v . 
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In this paper, the Hamiltonian loops we consider is always Hamiltonian circle action in the sense 
of HLMII . In this case, the orbifiber bundle has an alternative description: 

Let act on £ 3 by e ie • (zi, z 2 ) := (e ie zi, e i8 z 2 ), where \ Zl \ 2 + \z 2 \ 2 = 1. Then^ = S 3 x X/S\ 
where the S 1 action on X corresponds to the lattice point v, i.e. generated by H v . 

To see that the quotient construction is equivalent to the glueing construction, we need the fol- 
lowing lemma: 

Lemma 2.13. For any atlas {U a } of S 2 , there exists an S 1 -invariant atlas {U a } of S 3 such that 

u a = u a /s 1 . 

Proof. Let \ '■ S 3 — > S 2 be the Hopf map. An atlas of S 2 determines an atlas of S 3 by pullback of 
X- This is the atlas with the required property, since S 1 acts on S 3 preserving the fibers. □ 

Now the abstract construction of X v by glueing stacks can be carried out by glueing Lie groupoids^ 
as the following. Let Qx be the translation groupoid G x Z. The map j v associated to the Hamil- 
tonian loop is represented by 7 : U s i x Qx — > Qx where U s i is the groupoid determined by an 
atlas of S 1 . Take an atlas of S 2 which gives arise the atlas of S 1 when cut along the equator, denote 
the corresponding groupoid chart of S 2 to be U S 2 and {7<t 2 , Ug 2 the groupoid charts of the two half 
disks. Then S v is represented by the groupoid glued from Ut 2 x Qx and Ug 2 x Qx using 7. A 
concrete example of this construction can be found in HTWL 

Note that Lemma |2 . 1 3 1 defines an atlas of S 3 for the atlas of S 2 used above. Denote U s -a as the 
groupoid chart of S 3 determined by this atlas. It is straightforward to construct an Lie groupoid 
isomorphism 

U s z x Qx/S 1 ^U+ 2 xXU U g2 x Xj ~ 7 . 

Passing to stacks we have an diffeomorphism from S 3 x X / S 1 to £ v . Consequently there is an 
obvious orbifold morphism from S 3 x X to £ v determined by the quotient. We denote the morphism 

as pr : S 3 x X — > £ v . 

The coupling form u v has the following description: Let a E ^(S 3 ) be the usual contact form 
on the unit sphere, normalized so that da = X*i T ) where r is the standard area form on S 2 with 
total area 1 . Then, 

(2.6) u„ = pr*(u — dH v a). 

From the definition of the coupling class u v , it is easy to check the following: 

Lemma 2.14. 

u t ,([sj) = -H v (x). 

Lemma 2.15. u v (a+L*B) = u v (a)+u(B) where a e H* ec (\S v \,Z), B e H 2 {\X\,Z), 1 : X -»■ £ v 
is the inclusion of a fiber at the north pole and 1* : H 2 (\X\,7j) — > H 2 (\£ V \,Z*) is the induced 
pushforward map. 



3 See MTWI Appendix] for definitions and details 
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3. Seidel Elements 

3.1. Review of Seidel Representation. First we recall the notion of Novikov ring. 
Definition 3.1. Define a ring A umv as 

A umv = J r k T k \r k e Q, #{k < c\r k ^ 0} < oo Vc € R I 
I km ) 
and equip it with a grading given by deg(T) = 0. 

Let C be the Mori cone of X which is a finitely generated monoid. Then there is a maximal 
fraction 1/a with a E Z + such that C\(TX)(C) C Q is contained in the monoid generated by 1/a. 
Define A := A umv [q* , q~*\ with the grading given by deg(q) = 2/ a. 

The Gromov-Witten theory of symplectic orbifolds is constructed by Chen-Ruan in HCR21I . to 
which we refer the readers for more details. Let 

(at, a 2 , a 3 } ,3 ,a 

be the 3-point genus degree A Gromov-Witten invariants of X with insertions «i, 02,03 £ 
H*(IX, Q). We may assemble these genus zero orbifold Gromov-Witten invariants with 3 marked 
points using the Novikov ring: 

(ai,a 2 ,a 3 ):= (a 1 ,a2,a 3 ) 03A q Cl[A h u)[A] . 

AeH 2 (\X\,Z) 

This is used to define the quantum product, an associative multiplication * on H*(IX, Q) £g> A, as 
follows: 

(«! * a 2 , a 3 ) orb := («!, a 2 , a 3 ) , for a { E H*(IX, Q). 
The resulting ring, denoted by QH^, b (X , A), is called the orbifold quantum cohomology ring of 
(X, CI). 

Let QHl rb (X, A) x be the group of invertible elements (with respect to the quantum product "*") 
in QH* rb (X, A). In HTWi the authors construct a group homomorphism: 

S : ^(HamiX,^)) -> QH* orb (X , A) x . 

Generalizing the manifold case, this is called the Seidel representation for symplectic orbifold 
(X,cu). We briefly explain its construction. Represent a homotopy class a E iri(Ham(X,u))) 
by a Hamiltonian loop 7, then we can construct Hamiltonian orbifiber bundle £ 7 as in Section [231 
Let {fi} be an additive basis of H*(IX), {/*} another additive basis of H*(IX) dual to {/_,•} with 
respect to the orbifold Poincare pairing. Denote ci(T vert £) by c\ ert . Let 1 be an inclusion of a fiber 
over a point in S 2 (we choose the north pole throughout this paper). There is a Gysin map induced 
by this inclusion: : H*(IX, Q) — » H* +2 (I£^, Q). One can think of this map as a union of maps 
from H*(X( g ), Q) to H* +2 (£^^ g ), Q), which makes sense because there is not orbifoldness along 
the horizontal direction. 

Definition 3.2. Seidel representation for a symplectic orbifold (X, tu) is defined as: 
(3-D S(a) := £ feW')^/*)®^^- 
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The definition of S does not depend on the choice of Hamiltonian loop 7 representing the homo- 
topy class a, thus is a well-defined map. Moreover it is a group homomorphism: 

Theorem 3.3 (flTWj, Theorem 1.2). The map S has the following properties. 

(1) Triviality: 

(3.2) S(e) = 1; 

(2) Composition: 

(3.3) S(a-b) =S(a) *S(b). 

3.2. Seidel Element for Toric Orbifolds. In this section we consider a symplectic toric orbifold 
X associated to a labelled moment polytope: 

N 

A = f|{ Qt et*|<a,6 i )<A i } J 

8=1 

with rrii the labeling number on the i-ih. facet, yi the primitive outward normal vector and fej = vniXji. 

There is a naturally defined complex structure J induced from the complex structure on C N . 
For any orbifiber bundle £ — > S 2 considered in Section [231 this complex structure J determines a 
complex structure J on the total orbifold £, such that the projection n : £ — > S 2 is j-J holomorphic, 
where j is the complex structure on S 2 when identified with CP 1 . 

Recall from Section 1231 that the Chen-Ruan cohomology of a toric orbifold can be expressed as 
a quotient of a polynomial ring Q[X 1; X 2 , X M }. Define the following valuation 

t> T :Q[X 1 ,X 2 ,...,X M ]®A^Q; 
(34) Vt(Y1 a ^ ® ^ T ") = ™™{k\3d : d d . k £ 0}. 

d,k 

This induces a valuation on the quantum cohomology QH* rb (X ,ui) which we still denote as Or 
when there is no ambiguity. 

In this section we compute the Seidel elements for Hamiltonian loops determined by lattice points 
Uk E Gen(E), k = 1, M. Let H k : X — > R be the Hamiltonian associated to y k . Let £ fc be the 
Hamiltonian bundle associated to y k . Let a k E iti(Ham(X,u)) be the homotopy class of the 
Hamiltonian loop generated by y k . Denote by a(yk) the minimal cone in S containing y k , and 
yk = J2bieo-(y k ) r kibi- Let h.o.t.{T r ) be terms of order > r with respect to the valuation X>t on 
Q#: rb (A>).Then 

Theorem 3.4. 

S k := S(a k ) = X k ® q~^i^v k ) rki T~ T,h i^k) rkiXi + /i.oi.(T" Ei, . e ^) r,iA ). 
Proof. All we need is to compute (t*fi) \ a . Denote x^. = (£* _ a ). Let J-" ma x be the (non-effective) 

' ' (Vk > 

suborbifold of X on which H k is maximized. This suborbifold is fixed by the Hamiltonian loop. 
Every \x\ E |J-maa| defines a section class a x E H2(£ k ,Z) of the topological bundle \£ k \ — > S 2 . 
It is easy to check that a x does not depend on the choice of \x\ E l^max], so we can denote the 
homology class as a max . Note that J- max swipes out a suborbifold SFmax C £ k which is also 
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fibered over S 2 . It also determines a submanifold SFmax^g) in each stratum £^ of I£ k , which is a 
topological bundle over S 2 with fiber \ J- max < g ) \ . 

The computation of (i#fi) \ a is divided into the following steps: 

Step 1: Every element in M ,i(£ k , cr max , J,x k ) is represented by a constant sectional morphism. 

This follows from the same computation as HMTL Lemma 3.1]. 
Step 2: The domain of the constant sectional morphism is CP(l,mfc), with m k = ord(D(—y k )). 

This is a direct conclusion from Proposition [2781 
Step 3: The constant sectional morphism is Fredholm regular. 

Before prove Step 3, we run a quick check by dimension formula: 

vdimM ,i(£ k , (?max, J,Xk) = dim R £ k + 2c l (T£ k )(a max ) + 2- 2t y -i 

= 2(n + 1) + 2(2 - dima{y k ) + t y -i) + 2 
= 2{n — dima(y k )) + 2. 

On the other hand, by the above discussion M. 0>1 (£ k , a Xl J, x k ) can be identified with 
SF max ^ y -iy So its dimension is 2n - codim${F max ^ y -iy) + 2 = 2n - 2dima{y k ) + 2. 
Therefore the virtual dimension and the actual dimension match. This gives an evidence for 
Fredholm regularity of constant sectional morphisms. 

Let p : CP^^m^)) — > CP 1 be the coarse moduli space map. Then p*s*T£ k is the 
desingularized bundle (s*T£ k ) de of s*T£ k . This vector bundle over CP 1 splits into a direct 
sum of line bundles, as discussed in Lemma l2.1 1[ 

Lemma 3.5. If each summand of p*s*T£ k has Chern number at least —1, then the lin- 
earized 3 j operator D s dj is onto. 

Proof. To show that D s is onto we need the cohomology group H 1 (s*T£ k ) to vanish. By 
a general property of p, we have H l {s*T£ k ) = H 1 (p*s*T£ k ) . Since p*s*T£ k splits, 
H l (p*s*T£ k ) splits into a direct sum of H 1 of ths summands. Let L be any summand 
of p*s*T£ k . We need to show that the cohomology group H l (L) vanishes. By Serre duality 
this group is isomorphic to H°(L* K)* where K is the canonical line bundle of CP 1 . We 
need c\ (L* <g> K) < in order for this group to vanish. Now 

ci(L* ®K) = -ci(L) + Cl (K) = -ci(L) -1-1. 

So we need — ci(L) — 1 — 1 < 0, namely Ci(L) > —2, i.e. c a (L) > — 1. □ 



The above lemma together with Lemma l2TTT1 complete the proof of Step 3, i.e., the moduli 

space M ,i(£ k , a x , J, x k ) is regular. 
Step 4: The image of M ,i(£ k , cr maX) J, x k ) under the evaluation lies in the twisted sector £^ y -iy 

This follows from Lemma |2.1Q[ 
Step 5: Show that Wi>£ Vm- . f = X, = A* G Hq R (X, Q). 
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From the previous steps, we have ev*[Mo,i(£ k , <J X , J, Xjt)] = [SJ c max j y -i\\ as cycles in 
X£ k . Then 



Jev* [Mo,i (£ h ,cr m ax, J,*k)] 



E (/ 

i:f t eH*(X _! ,Q) '' e, '«(M),l( ffc . 5 ''Mi.''. I t)] 



E (/ /<) /* 



= X, 

Step 6: Any J-holomorphic non-constant sectional morphism s or a constant sectional morphism 
constructed from a point not in JF max satisfies 

u yk ([s}) > u yk (a max ) = -max H k = - E r **^»- 

6«eo-(j/ fc ) 

If a is a constant sectional morphism determined by a point x with H(x) > max H, by 
Lemma|2j31 u w ([s]) = -H k {x) > -max H k = u yk (a max ). 

If s is a non-constant sectional morphism, compute u yfc ([s]) by integrating the pullback 
of u yk . Recall from (12.61) that the coupling form is given by u Vk = tu — dH k a. We choose 
the complex structure J on X which is induced from the complex structure on C^. Con- 
sequently J is invariant under the Hamiltonian circle action generated by y k . Let j be 
the standard complex structure on S 3 induced from C 2 . Every non-zero tangent vector 
£ G Tu >x \S 3 x X / S 1 can be uniquely represented by a vector rj + v E T( z ,x)S Z x % with 
i] E kera and v E T X X. Then 

u yfc (£, J£) = u)(v, Jv) — dH k a(r] + v,jrj + Jv) = u(v, Jv) — H k da(mjr]) > —max H k . 

Integrating over S 2 we get u^fla]) > u Vk (a max ). 

Thus we complete the proof of Theorem 13 .41 □ 



Definition 3.6. For a toric orbifold X, the reduced Seidel elements are defined as: 

Sk := <$ 

Corollary 3.7. S k = X k + h.o.t.(T°) 



S k ■ = Sk <8> q^ b i^(y k ) rki T^ b i^(yk) rkiXi 



4. Quantum Cohomology of Toric Orbifolds 



In this section we give an explicit description of the quantum cohomology ring of toric orbifolds 
using the Seidel elements computed in Section [331 

4.1. Main Result. Recall that for k = 1, N, y k is the primitive vector of the A>th ray, and 
for k = N + 1, ...,M, y k E Gen(S). Let a(y k ) be the minimal cone in E containing y k , we 
have y k = Yubie<r(y k ) r kibi, where r ki are positive rational numbers. Note that when k = 1, N, 
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For a generalized primitive collection / C {1, M}, let a (I) be the minimal cone in £ contain- 
ing 5^ feer yk, then there exists {cj} C Z + such that 

X^ fe = Y c i y i 

since the fan is complete. 

Write both sides in terms of 6j's: 

Y Y rkib * = Y c i Y r ^ = Y Y c i r i ihi - 

kel bi£cr(y k ) Vj^(I) t> t &a(yj) % GfT ( / ) b i^(yj) 



Let 



(4-D cv =Y Y Y Y 

kel bi£a(y k ) Vj&v{I) h&r(Vj) 

(4.2) q,! =Y Y rfc ^ i - Y Y c fj^- 

Lemma 4.1. For Qj defined as above, we have Qi > 0. 
Proof. Define a piecewise linear function </> w : t — > R as: 

bi&a 

for a any full dimensional cone of the fan £ and {6 t v } the dual basis of G a}. 
Then 

(4.3) «/ = -E ^ fe) + ^ Y c i y i^ 

fee/ Vjecr(X) 

On the other hand, W corresponds to the symplectic form tu of the toric orbifold X under the iso- 
morphism between H 2 (X, R) S R[&y, fev ]/ (£» =1 fl^&v ffeM). Since w lies in the Kahler 
cone of X, W is a strictly convex function (in the sense that if vi, v 2 are not contained in the same 
cone, then <f) u (vi + v 2 ) > (j> u (vi) + <j) w {v-2)). Together with (14.31) . we have f2j > 0. □ 

Definition 4.2. The quantum Stanley -Reisner relation associated with the generalized primitive 
collection I is defined to be 

(4.4) Y[Z k -q c 'T n ' Yl Z ?=°- 

kel yj£a(I) 

Let SRu be the ideal generated by expressions as the left-hand side of the above equation. SR^ is 
called the quantum Stanley -Reisner ideal. 

From the composition property of Seidel representation, we have 

Theorem 4.3. The reduced Seidel elements S/~, k = 1, M, satisfy the quantum Stanley -Reisner 
relations and the cone relations. 
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Let 

N 

:= ^(e € A)X™ ! , £ = l,...,n, where {e^}^ =1 is a basis of M. 

Theorem 4.4. For £ = 1, n, there exist ^ G A[Xi, ...,X M ] such that 

(1) y i (S 1 ,...,S M ) = OinH*(IX,A); 

(2) ¥s = ¥f + h.o.t.(T°); 

(3) The ring homomorphism 

* : 7v am \c ~T — I \ !'L — I ^rTvvi Q H *orbi. x , A ), -^i ^ 

C/os BT ((qj 5 |4 = 1, ...,n) + 5/^ + J{E)) 

M an isomorphism. 

Proof. Let 4> : A[X 1; ...,X M ] <g> A -)> QH^. b (X, A) be the map sending X» to Let be a 
positive number such that the symplectic area of any non-constant J-holomorphic curve is bounded 
below by S x . 

We first show that ^ is surjective. For any a G QH* rb (X, A), Let L(a) be the leading term of 
a, namely t> T (L(a)) = X>t(oc) and X)t{L{q) — a) > t> T (a). Then L(a) = J2 S Lf(Xi, ...,X M )q s , 
and i$r(L(a)) = ^2 s L"(Sx, S M )q s - Define ct\ = a — ^/(L(a)). The leading terms in a and 
ty(L(a)) cancell, so Or(ai) > 0t(o;) + 5^- We repeat the above procedure using a l5 and continue 
the argument inductively, then t>r(a/c) — > oo, and 

* f lim (L(a) + L(ati) + L(a 2 ) + ... + L(a k ))) = a. 

\fc->oo / 

This proves surjectivity. 

Next we show the kernel of ^ is 

Clos 0T ((¥^ = 1, n) + SR^ + (O^ = 1, M - X)). 

We need the following lemma which is analogous to [MT, Lemma 5.1]: 
Lemma 4.5. Let 

} : Q[X 1 ,X 2 ,...,X M }^H* CR (X,Q) 

$ : Q[X u X 2 ,...,X M ]®A^QH* arb (X,A) 

be ring homomorphisms such that (f){Xi) = $pQ) = Xi for i = 1,...,M. Let W\, ...w m G 
Q[Xi, X 2 , ...,Xm] generate the kernel ofcfi, and suppose v±, ...v m G Ker& and 

(4.5) — Vi) > for alii. 

Then the kernel of $ is 

Ker& = Clos* T ({vx, ...,v m )). 

Proof. Since in the orbifold case there is still a universal lower bound for symplectic area of non- 
constant J-holomorphic curves, thus we have HMT[ Lemma 5.1] for orbifold quantum cohomology 
without any modification of the proof. □ 
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From Lemma [2~4l we know that Kercf) is generated by the Stanley-Reisner relations, cone rela- 
tions, and s. We have shown in Theorem 14.31 that the quantum Stanley-Reisner relations and 
cone relations lie in the kernel of $. Moreover they satisfy (I4.5I ). 

Now we construct ^'s which lie in the Kernel of $ and satisfy the high order condition (I4.5I ). 

Let Ao = 0. By Corollary 13 .7[ there is a Ai > Ao + 5%, such that 

n n 

(4.6) ?pf (Si,...,S M ) = J2( e t, b i)$i = X>*A>*r +^T Al + /i.oi.(T Al ), 

i=i i=i 

with o T ( J R 1 ) = 0. Then define = - R 1 T x \ Since R 1 = J2 s R l( x u ...,X M )q s , ^\ is 
again a polynomial in X x , ...,X M with coefficients in A. Replace with Vfi^' in (14.6k we get 

n 

qjW(5i, 5 A f) = £> c , 6 4 )Xr i + ^(Xi, X M ) T Al + fc.o.t - (R 1 ^, S M ) + /i.oi.(T A2 )) 

i=i 

n 

= ^(e fc^X™ 4 + # 2 T A2 + /i.o.t.(T A2 ), 
for some A 2 > Ai + 5x- 

Then we can construct as before. Continue the procedure inductively, we construct ty^ , 
k = 0, 1, 2, Then define ^ = lim*^ ^ fc) . 

By Lemma |4~51 we conclude that KerQ is generated by quantum Stanley-Reisner relations, cone 
relations, and (^|^ = 1, n). This completes the proof. □ 

Remark 4.6. We remark that the quantum cohomology ring can also be described as some sort of 
quantization of the group ring Q[N] S by reversing the procedure in Section [2731 Let Q[N] J be the 
ring with the same elements as Q[N] S <g> A and the product * defined as the following: 

where e x , e 2 G N, e = e\ + e 2 , C(ei, e 2 ) and 0(ei, e 2 ) are numbers defined in a similar fashion as 
(I47l1) . The map Q[N]J -)> QH*(X) defined by sending A e to the reduced Seidel element S e is a 
surjective ring morphism. The kernel is generated by ^(A yi , A^-^'s. 

4.2. The Fano Case. When the toric orbifold X is Fano, namely every effective curve has positive 
Chern number, we have the following lemma. 

Lemma 4.7. IfB + 0, then £ 4 (i*/i)£ lj<TmoiB+t . fl f = 0. 

The following is an immediate consequence of Lemma 14771 
Corollary 4.8. S k = X k . 

Theorem 4.9. The orbifold quantum cohomology ring QH* rb (X , A) of a Fano toric symplectic 
orbifold (X, uj) is isomorphic to 

A[X 1; ...,Xm] 

Clos VT {(^=MM)XT% = 1, ..,n) + (U keI X k - <fxT*i Yly^(i) e GV) + J{T)) 
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Proof of Lemma W7\ If y k E Gen(S) such that i Vk ^ 0, then 

vdimM 0jl {£ k \ a max + l*B, J, (f ( * } )) = vdimM ,i(£ k , o max , J, (X (v) )) + 2c? (B) 

= 2n + 2 + 2(c?(B)-L v -L yh ). 

For / G if*(A'( t ,), Q), degi*f <2n + 2 — 2dima(v). Then by Fanoness, 

vdimM ,i(£ k , a max + i*B, J, (S k v) )) - degi^f > 2(cf(B) - i Vk - t v ) + 2dima(v) > 0. 

Consequently, (i*f) 0X(Tmax+i , B = 0. 

Now if y k E Gen(S) such that i y = 0, then y k lies in a ray of the fan £ and dima(y k ) = 1. 
Therefore 

vdimM ,i(£\ °max + l*B, J, = 2n + 2 - 2dima(y k ) + 2(cf (5) - t„) 

= 2n + 2(cf(S)-0- 

Compute 

vdim^T ,i(£*> a max . + l*B, J, (S^)) - rfec/ij > 2n + 2(cf (5) - i„) - (2n + 2 - 2dzma(t;)) 

= 2(cf (B) -l v )-2 + 2dima(v). 

By Fanoness, 2(c*(B) — i v ) — 2 + 2dima(v) = only if dima(v) = 0, i.e. u = 0. Thus 
vdimM ^(£ k , a max + 6*5, J, (££0) — degt^f = only if cf (-B) = 1 and degt^f = 2n + 2. 

In particular, we have shown (i*/) x CT +t B 7^ for £> 7^ is possible only when the evaluation 
map lands in the trivial twisted sector. Thus from now on the proof is similar to the manifold case 
as in HMTH . We will sketch the idea below. 

Because degi*f = 2n + 2, / = kPD([X^\) for some nonzero k E Q. Then homological 
interpretation of 

( l */))o,l,(Tmox+l,B ^ ® 

is 

In particular, its intersection product with a point class is non-zero. So 

where 6° is the inclusion of a fiber at the south pole. We represent the first point class by the point 
x m ax G Fmaxxo) and the second point class by x min E T min> (p). 

Let cf> : S 1 x S 2 — > S 2 be the rotation of S 2 with respect to the south pole and north pole. 
Consider a circle action on 8 k given by 4>\d + X 7 and x Jg^. This action induces a circle 
action on the moduli space -Mo,2(£ fc , c m ax + t*B) . Then by a version of localization proven in [MTJ, 

[i mfll i] , 6° [aWn])o 2 a +1 ,b / only if there exist ^-invariant stable orbifold morphisms which 
consists of constant section determined by x max and a branch component lying in the south pole. 
The branch component is an S 1 -invariant J-holomorphic curve in X, representing B. It is the orbit 
of a gradient flow of H k from x min to x max . So B = p(cr max - a min )/q for p E Z and q E Z >0 . 
Thus ui(B) = p(minH k — maxH k )/q. Because uo(B) > and minH k — maxH k < 0, so p > 0. 
On the other side 1 = cf(B) = p{m min — m max ), where m min and m max is the weight of the circle 
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action at F min and F max respectively. Therefore m min = m max + | < 0, which contradicts the 



weight at Train is always positive. 



□ 



Now we look at some examples. As a convention we always put the barycenter of the moment 
poly tope at the original. 

Example 4.10. Weighted projective line CP (a, b) when a and b are coprime. 



A 







Figure 2. Labelled Moment Polytope and Stacky Fan of CP (a, b). 



A[X 1 ,X 2 



QHUCP(a,b),A)^ , . 

Clos VT {{-aX1 + bX\) + {X X X 2 - qa+iT*)) 

Example 4.11. Weighted projective space CP(1, 1, 2). 



(-§A, |A) 




2A 



( 5 A, -|A) 




Figure 3 . Moment Polytope and Fan of F 2 . 



Then the orbifold quantum cohomology ring QH* rb (CP(l, 1, 2), A) is isomorphic to 

A[X 1 ,X 2 ,X 3 ,X 4 ] 



Clos X)T ((—X 1 + A 3 , -A 2 + 2A 3 ) + (A!A 2 A 3 - q c T^X A ) + (AxA 3 - A|)) ' 



where 



C=l + l + l- -- - = 2, 
2 2 

2 1 2 12 12 

tt = -A + -A + -A A A = A. 

3 3 3 2 3 2 3 

Note that the generalized primitive collections in this example are {yi, y 2 , y 3 } and {y 2: 2/4}. But the 
quantum Stanley-Reisner relation associated to {y 2 , y A } is already contained in 

(A^Aa - q c T n X 4 ) + (X^ - A 4 2 ) . 
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